AE-1763

B. Sc. Part-II (Semester—IV) Examination
MATHEMATICS
(Modern Algebra : Groups and Rings )
Paper-VII

Time : Three Hours] [Maximum Marks : 60

Note : — (1) Question No. 1 is compulsory and attempt at once only.

(2) Solve one question from each unit.

1. Choose the correct alternatives : 1x10=10
(1)  Anon-empty subset H of the group G is a subgroup of Gifand only if a,b [l H[J
(@) (ab)"'OH (by ab™'OH
(c) a~'bT'UH (d) None of these
(i) The product of an even and odd permutation is :
(@) Odd (b) Even
(c) Bothoddandeven (d) None of these
@) IfGisa finite group and N is a normal subgroup of G, then O(G/N) is equal to :
(@) O(G).O(N) (b) O(G)+ON)
(©)  O(G)YO(N) (d  O(G) - O(N)
(iv) A group having only improper normal subgroup is called :
(a) Apermutation group (b)  Afinite group
(c) Asimple group (d) None of these
(v)  If @ be ahomomorphism of group G onto G' with kernel K, then G'is :
(a) Isomorphicto G/K (b)  Isomorphic to K/G
(¢) Isomorphicto G (d)  One-one homomorphism
(vi) The Kernel ofahomomorphismf: G — G'is:
(a) Anormal subgroup of G (b)  Asubgroupof G'
(¢) Anormal subgroup of G' (d) None of these
(vil) A commutative ring without zero divisor is :
(a) BooleanRing (b) Field
(c) DivisionRing (d) None of these
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IfinaringR, x> =x [] R,thenRis:

(a) Commutative ring (b) Divisionring

(c) Booleanring (d) Ringwithunity

A ring R has maximal ideals :

(a) If Risfinite (b) IfRis finite with at least 2 elements
(¢) Onlyif Risfinite (d) None ofthese

If R be commutative ring with unit element whose only ideals are {0} and R itself. ThenRis:

(a) Afield (b) Divisionring
(c) Aproperring (d) None ofthese
UNIT—I

Prove that the system (G, t) is an abelian group with respect to 't' where

G={x/x=a+b~/2,a,b0Q} . 4

If G is an abelian group, then prove that : (ab)"=a"b" ja, b [ G and [J integers n. 4

Prove that the identity of a group G is unique. 2

Let G be a group, then prove that (ab) "'=b~'a~'ga,bdJG. 3

Let H be a subgroup of'a group G. Fora, b [ G, then prove that Ha = Hb < ¢ 'H = b 'H.
3

Prove that every subgroup of a cyclic group is cyclic. 4

UNIT—II

Prove that the subgroup N of G is a normal subgroup of G if and only if the product of two
right cosets of N in G is again a right coset of N in G. 4

Let H be a subgroup of G .If N(H) = {g[1G/gHg ~'=H }, prove that N(H) is a subgroup
of G. 4

Show that if G is abelian then the quotient group G/N is also abelian. 2

Let Hbe a subgroup ofa group G. Let forg 0G, gHg ™' = {ghg™ / h O H} prove that gHg ™" is

asubgroup of G .. 4
If Gis a group N is a normal subgroup of G, then show that G/N is also a group under the
operation of multiplication of cosets. 4
Show that every cyclic group is abelian. 2
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UNIT—III
If @is a homomorphism of a group G into a group G’ then prove that :
0 o@=¢c
i ex"H=(ex))"' 08 G 4
where e and ¢' are the unit elements of G and G' respectively.

Let G be any group, g a fixed element in G . Define ¢ :G _, G by @ (x)=gxg ~'. Prove
that @is an isomorphism of G onto G . 4

Show that any kernel is nonempty. 2

If @is a homomorphism of G into G' with kernel K, then prove that K is a normal subgroup
of G. 3

Let G be the group of non-zero real numbers under addition and G'={1,—-1}'where 1.1 =1,
L.(-D=(-1)(1)=-1,(-1)(=1)=1.Define ¢ :G - G 3

Such that
Ol, x 1s positive[J
e(x) =0 . .0
1, xisnegative]

Show that @is a homomorphism.

Show that the mapping f:C — Rdefined by f(x+iy)=x1is a homomorphism of the

additive group of complex numbers onto the additive group of real numbers and find the

kernel of f. 4
UNIT—1V

If Risaringinwhich x* = x, OxJ R, thenprove thatR is acommutative ring. 4

Prove that the intersection of two subrings is a subring. 3

Let the characteristics of the ring R be 2 and let ab = ba [Ja, b 0 R. Then show that
(a+b)*=a*+b* 3

Define commutative ring. If R is a ring with zero element O, then for all a, b, ¢ [J R,

prove that:

@ a.0=0.a=0

(i) a(—b)=(—a).b= —(ab)

(i) (-a)(-b)=ab

(y)a.(b-c)=ab-ac 1+4

Let R be a ring with a unit element 1, in which (ab)’ =a’b*[Ja, 5] R. Prove that R must be
commutative. 5
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UNIT—V
10. (a) Provethatahomomorphismf ofaringR toaringR'is anisomorphismiff K_={0}. 4

(b) LetR beacommutative ring with unity. Prove that every maximal ideal of R is a prime
ideal. 3

(¢c) IfUisanideal ofaring R with unity 1 and 1 UU, then prove that U=R. 3

11. (p) LetR and R be rings with zero elements O, 0 respectibvely and f:R - R bea

homomorphism. Then prove that : 5
i fO)=0
(i) f(-a)=-f(a)ddd R
@) f(a—b)=f(a)-f(b)la,d] R.
(@) IfFisafield, then prove that its only ideals are {0} and F itselt. 3
(r) Define: 2
(1) Leftideal
(i) SimpleRing.
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